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Abstract 

In this paper we consider the problem of classification of the nilpo- 
tent class 2 finitely generated torsion free groups up to the geometric 
equivalence. By a very easy technique it is proved that this problem is 
equivalent to the problem of classification of the complete (in the Maltsev 
sense) nilpotent torsion free finite rank groups up to the isomorphism. 
This result, allows us to once more comprehend the complication of the 
problem of the classification of the quasi-varieties of nilpotent class 2 
groups. It is well known that the variety of a nilpotent class s (for every 
s £ N) groups is Noetherian. So the problem of the classification of the 
quasi-varieties generated even by a single nilpotent class 2 finitely gener- 
ated torsion free group, is equivalent to the problem of classification of 
complete (in the Maltsev sense) nilpotent torsion free finite rank groups 
up to the isomorphism. 

1 Historical review and methodology. 

The one of the question which naturaly appears in all algebraic studies, is the 
question of the classification (up to isomorphism) of the algebraic objects from 
some class. One of the classical example of this kind of results is the classification 
of the semisimple finite dimensional associative algebras over fields. Also we 
have the very easely observed classification of the finitely generated abelian 
groups. Both of these classification were achieved many years ago. About 60 
years ago, the classification of the simple Lie algebras over C was achieved. The 
classification of the finite simple groups, is a newer result of this kind. This 
result requested a huge effort of many mathematicians. 



The natural next step after the classification of the finitely generated abelian 
groups, is the classification of the finitely generated nilpotent class 2 groups, in 
particular the classification of the finitely generated torsion free nilpotent class 2 
groups. In the 1970s the research in this area was very active. We can remember 
[B], [5], auxiliary technical work [lOj and others. Achievements were summarized 
in A full classification up to isomorphism was established only for finitely 
generated torsion free nilpotent class 2 groups of Hirsh length 6. Such modest 
results indicate the complication of the problem. This complication follows, as 
it will be seen from our survey, first of all, from the complication of the wild 
matrix problem. 

Also in the 1970s, the problem of classification of the nilpotent class 2 p- 
groups up to isomorphism was considered in [TT] . It was proved that this prob- 
lem can be reduced to the wild matrix problem even when the rank of the center 
of the groups is equal to 2. 

It is known that for every nilpotent torsion free group G there is a Maltsev 
completion VG - the minimal group, such that G C \/G and for every x e \/G 

and every n € N there exists G \/G, such that {^^^ — ^- The element 

x'^ G VG is uniquely defined hy x G VG and n G N. The VG is the nilpotent 
group of the same class of nilpotence as G. It is clear that if two nilpotent torsion 
free groups are isomorphic, then their Maltsev completions are isomorphic too. 
The inverse, of course, is false. So the classification of the complete (in the 
Maltsev sense) nilpotent torsion free groups of the finite rank up to isomorphism 
is a simpler problem than the classification up to isomorphism of the arbitrary 
finitely generated nilpotent class 2 groups. But even in this simpler problem 
we have (see [l]) a solution, only in the case when the rank of the center of the 
groups is not greater than 2. 

If the problem of the classification up to isomorphism is so complicated, it 
is natural to consider a less delicate classification. The notion of the geometric 
equivalence of universal algebras (see [5]), was investigated in 1995 by B. Plotkin. 
By [9] two finitely generated universal algebras Ai and A2 from some variety Q 
are geometrically equivalent if and only if, the first one can be embedded into 
some direct power of the second and vice versa (we denote Ai ~ A2). So, the 
classification up to geometric equivalence is less delicate then the classification 
up to isomorphism. 

Classification of the nilpotent groups up to geometric equivalence is especialy 
interesting because in the case of the nilpotent groups geometric equivalence is 
closely connected with the logic proprieties of groups: two nilpotent groups 
are geometrically equivalent if and only if, they have the same quasi-identities 
(see [H]). So classification of nilpotent groups, up to geometric equivalence is 
an equivalent to the classification of the quasi-varieties generated by a single 
nilpotent group. 

The classification of the finitely generated abelian groups up to geometric 
equivalence was achieved in [3j. It was proved that two abelian groups are ge- 
ometrically equivalent if and only if, for every prime number p the exponents 
of their corresponding p-Sylow subgroups coincide, and if one of these group is 
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not periodic, then the second group is not periodic either. So the classification 
of finitely generated abelian groups up to geometric equivalence, is in principal, 
simpler than the classification of these groups up to isomorphism. The classifi- 
cation of the torsion free abelian groups up to geometric equivalence is trivial: 
all these groups are geometrically equivalent. 

In the case of the nilpotent class 2 groups we have a different situation. Even 
classification of the finitely generated torsion free nilpotent class 2 groups up to 
geometric equivalence is a very complicated problem. 

By [131 Theorem 1] every finitely generated torsion free nilpotent class 2 
group geometrically equivalent to it's Maltsev completion. So for resolving of 
our problem it is enough to classify up to geometric equivalence the nilpotent 
class 2 finite rank torsion free complete groups. 

It is well known (see for example T, Chapter 8] ) that in every nilpotent Lie Q 
-algebra L, we can define multiplication by Campbell-Hausdorff formula. With 
this multiplication L will be a group, which we denote L°. The group L° will be 
torsion free and complete. It has the same class of nilpotency as algebra L. Con- 
versely for every complete nilpotent torsion free group A, there is nilpotent Lie 
Q-algebra L, such that A = L°. Algebra L has the some class of nilpotency as 
group A. The homomorphisms (epimorphisms, monomorphisms, isomorphisms) 
of the nilpotent Lie Q-algebras coincide with the homomorphisms (epimor- 
phisms, monomorphisms, isomorphisms) of the corresponding groups and vice 
versa. In other words, the functor T : L ^ L°, (A : Li ^ L2) — > (A : L° ^ ^2) 
provides an isomorphism from the category of the nilpotent class s Lie Q- 
algebras to the category of the nilpotent class s torsion free complete groups. 
By this isomorphism to the finite dimensional Lie Q -algebra corresponds the 
nilpotent group of the finite rank and vice versa. 

So two complete nilpotent torsion free finite rank groups Ai = L\ and A2 = 
L2, are isomorphic if and only if, the Lie Q-algebras Li and L2 are isomorphic. 
And two complete nilpotent torsion free finite rank groups Ai = L° and A2 = L2 
are geometrically equivalent if and only if, the Lie Q-algebras Li and L2 are 
geometrically equivalent, i.e. as it was stated above, if and only if the algebra 
Li can be embedded into some direct power of the algebra L2 and vice versa. So 
for researching our problem, we can concentrate on the geometric equivalence 
of the finite dimension nilpotent class 2 Lie Q-algebras. It will be proved in 
this paper, that the problem of classification of the finite dimension nilpotent 
class 2 Lie Q-algebras up to the geometric equivalence, is equivalent to the 
problem of classification of these algebras up to the isomorphism. It means that 
the problem of the classification of the nilpotent class 2 finite rank torsion free 
complete groups up to the geometric equivalence, is equivalent to the problem 
of classification of these groups up to the isomorphism. 

The problem of classification of the finite dimension nilpotent class 2 Lie 
algebras over an algebraic closed field up to the isomorphism was considered 
in [12] and [2]. In [H] this problem was resolved when the dimension of the 
center of the algebra is not great then 2. In [2] it was proved that the problem 
of classification of the finite dimension nilpotent class 2 Lie algebras over an 
algebraic closed field up to the isomorphism when the dimension of the center 
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of the algebra is great then 2 is equivalent to the wild problem. 

In [3] it was proved that if Ai ~ A2 and Bi ^ B2 {Ai,A2,Bi,B2 are 
arbitrary universal algebras from some variety Q) then Ai (B Bi ^ A2 (B B2. So 
for classification up to the geometric equivalence it is enough to consider the 
algebras which are can not be decomposed to the direct sum. In our situation, 
we can consider only Lie Q-algebras L which fulfill 

[L,L]^Z{L), (1) 

where Z (L) is a center of the algebra L. 

The Lie Q-algebra L, which fulfills this condition, can be considered as the 
direct sum of the Q-linear spaces L = V (B W (form this place and below we 
considered the direct sum only in the category of the Q- linear spaces), where 
W ~ Z (L), V = L/Z{L). The Lie brackets in L, define the skew symmetric 
non singular bilinear mapping luj^ : V xV 3 (fi,f2) ~> bi)'f^2] G W. (For 
arbitrary skew symmetric bilinear mapping uj : V x V W we denote ker to = 
{x GV \ yv gV {lu {x,v) — 0)} and we say that uj is singular if kercj ^ {0}; 
other skew symmetric bilinear mappings we call non singular.) 

Contrariwise, if we have two Q-linear spaces V and W and the skew symmet- 
ric bilinear mapping lu : V xV —i- W , then in the direct sum L = V ®W we can 
define the Lie brackets : [vi + wi,V2 + W2] = w (wi , W2 ) (^1,^2 G V ^ wi,W2 S W). 
If is a non singular, then Z [L) = W and condition ^ is an equivalent to the 
condition 

UJ {V, V) = W. (2) 

If L = y ® and dimF = n, dimVF = m, . . . ,d„} is a basis of V, 
{wi, . . . ,u'm} is a basis of then the skew symmetric bilinear mapping lo is 
defined by m skew symmetric matrices of the size n x n: such 

that = X] ^ij'^k (1 ^ i,j < n)- There is a homomorphism of the Lie 

k=l 

algebras with condition ^ X : L — Vl® Wl S = Vs® Ws if and only if, there 
is a pair of the linear mappings {(p,ip) such that (p : Vl ^ Vs , 'tp : Wl Ws 
and ujs {ip (vi) , (p (1)2)) = {vi,V2) for every Vi,V2 G Vl- X = ip ®ip holds. 

By using this approach in [T3] (and by using the isomorphism from the 
category of the nilpotent class 2 Lie Q -algebras to the category of the nilpotent 
class 2 torsion free complete groups) the problem of the classification of the 
nilpotent class 2 finite rank torsion free groups, whose centers have rank no 
more then 2, up to the geometric equivalence was deeply researched. It was 
proved two theorems: 

1. Theorem 3. Two nilpotent torsion free class 2 finitely generated groups 
Gi and G2 with the cyclic center are geometrically equivalent (Gi ~ G2) 
if and only if their Maltsev completions are isomorphic: \/Gi = \/G2- 

2. Theorem 4. Let Gi, G2 two nilpotent torsion free class 2 finitely generated 
groups, whose centers have rank 2. Then Gi ~ G2 if and only if, or there 
is a nilpotent torsion free class 2 finitely generated group with the cyclic 
center N, such that Gi ^ N ^ G2, or ^/Gl = \fG2- 
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Also Proposition 1 and Proposition 2 from |T3], which formulated by the 
language of the properties of the skew symmetric bilinear forms, provide us 
tools for finding when for two nilpotent torsion free class 2 finitely generated 
groups Gi and G2, whose centers have rank 2, fulfills the first or the second 
condition of the Theorem 4. 

2 New results. 

Bellow the word "algebra" means: nilpotent class 2 finite dimension Lie Q- 
algebra. 

Definition 1 We say that the algebra is geometrically decomposable if it is ge- 
ometrically equivalent to the direct product of some of its nontrivial subalgebras. 
Other algebras we call geometrically indecomposable. 

Proposition 1 // two geometrically indecomposable algebras are geometrically 
equivalent, then they are isomorphic. 

Proof. We assume that L and S are geometrically indecomposable and L geo- 
metrically equivalent to S. There is a family of homomorphisms 

{\i : L ^ S \ i € 1} such that p| ker A; — {0}. Also exists a family of homo- 

iei 

morphisms {uj : 5 — > L | G J} such that P| kero-j — {0}. If L = {0} then 

S — {0} and vice versa, so we can assume that L,S ^ {0}. 

We assume that kerAi 7^ {0} for every i ^ I. We consider the family 
of endomorphisms {o'jXi : L ^ L \ j £ J,i (z I}, kercijAi = {0}, so there 

iei 

exists an embedding i ^ Jl imCjAi. keiajXi D ker A^ 7^ {0}, so, by reason of 

dimensions, hnajXi is not equal to L. We have that L is geometrically equivalent 
to Y[ imcTjAi. li L {0} then there is a nonzero factor in this product. This 

iei 

is a contradiction. 

By symmetry we achieve a contradiction when we assume that keiaj 7^ {0} 
for every j £ J. 

So there exist i £ I, such that ker Ai = {0} and j £ J , such that kercTj = 
{0}. By reason of dimensions, L and 5* are isomorphic. ■ 

Proposition 2 // the algebra L = V (B W is geometrically decomposable then 

there exists a family of linear mappings {ip^^ : W —> W \ i G 1} such that all skew 

symmetric bilinear mappings iJjfLU are singular and P| kertpi — {0} ('-^ '■ VxV ^ 

lei 

W is a skew symmetric bilinear mapping defined by the Lie brackets of the 
algebra L ). 
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Proof. Let the algebra L be geometrically decomposable. Then L is geo- 
metrically equivalent to -^ij where Li (i S /q) is nontrivial subalgebras 

of i. So there exists an embedding L ^ I 11 -^i 1 • -^^^.t we can write 




n ^ n where I = la x J and i,; {i G /) is also nontrivial sub- 

algebras of L. By Remak theorem there exists a family of endomorphisms 
< \i : L ^ Li \ i £ I > , such that P| ker Ai — {0}. Denote Li : Li ^ L the em- 
i 

bedding and A; = iiXi. We have Xi : L ^ L and P| ker Ai — {0}. imA^ < Li, Li 

iei 

is a nontrivial subgroup of L, so dimimAi < dimL for every i G /. By reason 
of dimension, ker Xi ^ {0} for every i £ L 

Let Xi = (fii® 'ipi, where (pi : V V, -ipi : W ^ W. If ker-0j = {0} 
then kerAi = {0} (the intersection of a nontrivial normal subgroup of the 
nilpotent group with the center of group is nontrivial - [TJ 16.2.5], similar the- 
orem for nilpotent class Lie algebras can be easy proved). If keri^Sj — {0} 
then dim^/;, (M^) = dim^P^u; {V,V) = dimu; {ipi (V) , ip^ (V)) = dimw(F,F) = 
dimM^. Hence keiipi = {0}. It is a contradiction. So, if kerA^ ^ {0}, then 
kerV'i ^ {0} and kenpi ^ {0}. If x € ker(p^, then for every v G V we have 
ipiUJ (x, v) = uj {ipi {x) , (v)) = 0. So X S ker^jW, i.e., skew symmetric bilinear 
mapping ^piUj is singular. p| ker^^ C H ker A^ = {0}. ■ 

Now for every algebra L we will construct a specific geometrically indecom- 
posable algebra E (L), such that L C E (L). Let L = V (BW, {vi, . . . , v„} be 
a basis of V, {wi, . . . , Wm} be a basis of W. Then, we construct the E (L) this 
way: Z {E (L)) — W (BT, where T — Sp{t} is 1-dimensional Q-linear spaces, 
E (L) /Z {E (L)) = U (BV, where [/ is a n-dimensional Q-linear spaces with the 
basis {ui, . . . ,Un}- If the skew symmetric bilinear mapping is defined by m 
skew symmetric matrices of the size n x n: 

A^^\ . . . , A^™^ 

then the skew symmetric bilinear mapping lu define by m+1 skew symmetric 
matrices of the size 2n x 2n: 

/„ W \ f 
i.e. 

[u^^Uj] = 0, [ui,Vj] = - [vj,Ui] ^ 5ijt (1 <ij < n). (3) 

Proposition 3 For every algebra L algebra E (L) is geometrically indecompos- 
able. 

Proof. Let cu = uje(l) ■ [U ®V) x {U ®V) W ® T . We assume that 
tp '■ W ®T ^ W ®T \s a. linear mapping such that -0 (<) = z 7^ and x £ ker-i/iw. 
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Denote x — J2 ^i'^i + S ^n+iVi- il^^ixTUj) — %j: {—Xn^jt) — —Xn+jZ = 0, so 
1=1 1=1 

n 

Xn+j = for every j e {1, . . . , n}. Hence x — XiUi and "00; (x, Vj) = = 0, 

i=l 

so = for every j g {1, . . . ,n}. Therefore x — Q and ker-f/'o; = 0. So for 
every linear mapping -ip : Vl^©T^ M^QT, for which we have ker^'w 7^ 0, we 
also have i!{t) = 0. By Proposition [5] -E (L) is geometrically indecomposable. 
■ 

U ®T ^ H IS an ideal of the algebra E{L), dim {H n Z {E (L))) ^ 1, 
dimiJ/ {Hr\Z{E [L))) ^ 7i, E {L) / H ^ V ®W = L. 

Theorem 1 Let Li ~ Vi (B W\ and L2 = V2 (B W2 are algebras, diml/i = 
dimV2 = n, dimW^i — dimM^2 = ™j- Then E (Li) = E{L2), if and only if 
Li = Lj- 

Proof. We denote £; (L,) ^ H,®L,, H, = U^®T„ T, = Sp{i«}, ...,v^n^^ 

- basis of Vi, . . . ,Mn^| - basis of Ui (i = 1,2). 

We assume that there is an isomorphism of algebras Lie a : E (Li) — s- 
E {L2). a (Hi) is an ideal of the algebra E (L2). dim {Hi (1 Z {E (ii))) = 1, so 
dim (a (Hi) nZ{E {L2))) ^ I; Hi Z {E (Li)) so a [Hi] ^ Z (E {L2)). First 
of all, we shall prove that a {Hi) CU2® Z {E (-L2)). Let I = u + v + z e a {Hi) 

{u eU2,ve V2, z e Z{E{L2))). liv ^ 0, thenw = ^ where 61, 6„ € 

4=1 

Q, and exists j € {1, . . . ,n} such that bj ^ 0. Then l,uf^ = -b^t'^'^'^ by ^ 

and T2 C a {Hi). Also there exists vq G V, such that [v,vq\ € \ {0}, be- 
cause the skew symmetric bilinear mapping lul^ is a non singular. Therefore 
[I, vq] = [u, vq] + [v, vq] ^ T2 and dim (a {Hi) r\ Z {E {L))) > I. By this contra- 
diction we have that w = and a {Hi) C U2 (B Z {E {L2)). 

a{Hi) ^ Z{E{L2)) so there exists I = u + z e a {Hi) {u e U2 \ {0}, 
z & Z {E {L2))). Because m 0, we have as above that there is j e {1, . . . , n} 

such that l,vf^ € T2 \ {0}. But dim (a {Hi) n Z {E (L2))) = 1, so a {Hi) n 

Z{E{L2)) = T2. 

It is clear that {U2 ® Z {E {L2))) n L2 ^ {U2 ®W2® T2) n {V2 ® W2) = VF2, 
soa(7Ji)nL2 CW2C Z{E{L2)) anda(i7i)nL2 C W2r\Z {E {L2))r\a {Hi) = 
W2 nT2 = {0}. By arguments of dimensions we have E {L2) = a {Hi) ® L2 and, 
because a {Hi) is an ideal the linear mapping E {L2) /a {Hi) L2 is an isomor- 
phism of algebras. So we have that Li = E {Li) /Hi = a{E {Li)) /a {Hi) ~ 
E{L2)/a {Hi) = L2. 

Let A — ip®^ : Li — Vi®Wi L2 — V2®W2 is an isomorphism of algebras. 
The linear mapping 1^9 is a bijection, so in the referred above bases of Vi and 
V2 it is presented by the invertible matrix F = {fij)"j^i S GL„ (Q). We take 

the matrix G — {gijYij^i — {P^^)* and by this matrix and by referred above 
bases of Ui and U2 define the linear mapping 7 : C/i ^ J72. Also, we define 
the linear mapping r : Ti 3 ^ 2^2. We wiU prove that the linear 
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mapping 7®((j)®r®V:£^ (^i) = Ui ® Vi ® Ti ® Wi ^ U2 ® V2 ® W2 = 
E (L2) is an isomorphism of algebras. This mapping is a bijection, so it is 
necessary to prove that for every e Ui and every v' ,v" e Vi that the 

(r © ip) [u' + v', u" + v"] = [(7 © cp) {u' + v') (u" + v")] fulfiUs. But it 

is enough to prove this, for basis elements of C/i © Vi. For 1 < i, j < n we have 

because 1^9 © -0 is an isomorphism of alge- 



bras, 7 (uj-^'') , ^ (v^^' 



by © 



.fc=l 
and 



(2) 
A: ■ 



X] /si 

s=l 



,(2) 



s=l k=l 



= = 



because 



e C/2. So £:(Li) '^E{L2). ■ 
So if one can resolve the problem of the classification of the nilpotent class 
2 finite dimension nilpotent class 2 Lie Q-algebras up to geometric equivalence, 
then (by Proposition [T] and Proposition [3|) he can classify up to isomorphism 
the algebras E (L) , where L is an arbitrary Lie nilpotent class 2 finite dimension 
Q-algebra (dim Z {{E [L))) — dim Z [L) + 1) and by Thcorcm[T]he can classified 
up to isomorphism all nilpotent class 2 Lie finite dimension Q-algebras and all 
nilpotent class 2 finite rank torsion free complete groups. 
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